Finite solvable groups with at most two nonlinear irreducible characters of each degree  by Qian, Guohua et al.
Journal of Algebra 320 (2008) 3172–3186Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Finite solvable groups with at most two nonlinear
irreducible characters of each degree✩
Guohua Qian a, Yanming Wang b,∗, Huaquan Wei c
a Department of Mathematics, Changshu Institute of Technology, Changshu, Jiansu 215500, PR China
b Lingnan Coll., Department of Mathematics, Zhongshan University, Guangzhou, Guangdong 510275, PR China
c Department of Mathematics, Guangxi Teacher’s College, Nanning 530001, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 1 November 2007
Available online 21 August 2008
Communicated by Gernot Stroth
Keywords:
Finite solvable group
Multiplicity of character degree
The aim of this paper is to investigate the ﬁnite solvable groups
with at most two nonlinear irreducible characters of each degree.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a ﬁnite group. For any positive integer c, let Irr(G, c) be the set of irreducible characters
of G with degree c, and MulG(c) := |Irr(G, c)| is called the multiplicity of c in the group G . If G does
not contain any nonabelian alternating group as its composite factor, then the order of G is bounded
in terms of the largest multiplicity of an irreducible character degree (see [8]). This shows that if
the multiplicity of all irreducible character degrees is given then the structure of a ﬁnite group is
restricted.
Deﬁnition 1. A group G is called a D0-group if MulG(c) = 1 for any nonlinear irreducible character
degree c.
A group G is called a D1-group if group G has at most one nonlinear irreducible character degree
c with multiplicity MulG(c) > 1, and if such an exceptional c exists then MulG(c) = 2.
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not exceed two.
The aim of this paper is to investigate the ﬁnite solvable DD-groups. DD-groups have been studied
in [1,2,4].
The following Theorems A and B are very good characterization of D0-group and D1-group.
Theorem A. (See [2].) Let G be a ﬁnite nonabelian group. Then G is a D0-group if and only if G is one of the
following solvable groups:
(1) G = ES(m,2), where ES(m, p) denotes an extraspecial p-group of order pm.
(2) G = (C(pr − 1), E(pr)), where E(pr) and C(n) denote an elementary abelian group of order pr and a
cyclic group of order n respectively, (H,N) denotes a Frobenius group with a complement H and the
kernel N.
(3) G = (Q 8, E(32)), where Q 8 is the quaternion group of order 8.
Theorem B. (See [1].) Let G be a D1-group. If G is solvable but not a D0-group, then one of the following is
true:
(1) G = ES(m,3).
(2) G is a 2-group of order 22n+2 , |G ′| = 2, |Z(G)| = 4, and G has two nonlinear irreducible characters with
equal degree 2n, where G ′, Z(G) denote the derived subgroup and the center of G respectively.
(3) G is a 2-group of order 22n+3 , |G ′| = 4, |Z(G)| = 2, and G has three nonlinear irreducible characters with
degrees 2n,2n and 2n+1 respectively.
(4) G = S4 .
(5) G = (C((pr − 1)/2), E(pr)).
(6) G/Z(G) = (C(pr − 1), E(pr)), C(2) ∼= Z(G) G ′ .
(7) G is the normalizer of a Sylow 2-subgroup in the simple group Sz(22m+1).
Remark 1.1. It is shown in [3] that L2(5) and L2(7) are the only nonsolvable D1-groups. Clearly, all
D0-groups are solvable D1-groups; and all solvable D1-groups are DD-groups.
Remark 1.2. We ﬁnd that the D1-group numbered by (i) in [1, Theorem 7] does not existed. This can
be seen from Case 3.2 in the proof of our Proposition 3.3.
Remark 1.3. In [4], the authors classiﬁed the ﬁnite nonperfect groups in which two distinct nonlinear
irreducible characters are of same degree if and only if they are complex conjugate to each other. Note
that all ﬁnite groups considered in [4] can be proved to be solvable, and thus they are all DD-groups.
The main theorem of this paper is the following result which classiﬁes the ﬁnite solvable DD-
groups.
Theorem C. Let G be a ﬁnite solvable group. If G is a DD-group but not a D1-group, then G is of order
24 · 32, 25 · 34, 22 · 3 · 52, 23 · 34 · 5, 3 · 25 or 3 · 27,
and G is one of the following groups.
(1) G = HN, where H is of type (2) in Theorem B and of order 24 , and N ∼= E(52).
(2) G = HN, where H is of type (3) in Theorem B and of order 25 , and N ∼= E(34).
(3) G/Z(G) = (Q 8, E(32)), where C(2) ∼= Z(G) G ′ .
(4) G = (H, E(52)), where H is a generalized quaternion group of order 12.
(5) G = (H, E(34)), where H/Z(H) = (C(4), E(5)) and |Z(H)| = 2.
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|H| = 3, M is normal in W and of order 27 , W ′ = [M, H] is of order 26 , |W ′′| = 4, H acts ﬁxed point
freely on W ′;
W /W ′′ has four nonlinear irreducible characters with degrees 3,3,6,6 respectively, and W has six non-
linear irreducible characters with degrees 3,3,6,6,12,12 respectively.
Throughout this paper, all groups are ﬁnite, G and p always denote a ﬁnite group and a prime
number respectively. π(G) is the set of prime divisors of the order of G . Irr(G) is the set of irreducible
complex characters of G , and cd(G) = {χ(1) | χ ∈ Irr(G)}. Irr1(G) is the set of nonlinear irreducible
characters of G , and cd1(G) = cd(G)−{1}. If N G , we set Irr(G|N) = Irr(G)− Irr(G/N) and cd(G|N) =
{χ(1) | χ ∈ Irr(G|N)}.
For reader’s convenience, we will ﬁnish of our proof in several cases.
(1) Let G be a DD-group. If G is nilpotent or |G/G ′| = 2, then G is a D1-group (see Propositions 2.9
and 2.11).
(2) Thus the main object of this paper is to consider the nonnilpotent DD-groups G with |G/G ′| > 2.
Since the proof is quite technical, we divide 2 major cases to determine the DD-group in Case 2. In
Sections 3 and 4, we will study the DD-groups satisfying the following Hypothesis A and Hypothesis B
respectively.
Combine them together, we ﬁnish the proof of Theorem C.
Hypothesis A. G is not nilpotent; |G/G ′| > 2; for any p ∈ π(G/G ′), G has a normal p-complement.
Hypothesis B. G is not nilpotent; |G/G ′| > 2; for some p ∈ π(G/G ′), G has no normal p-complement.
2. Preliminaries
Lemma 2.1. (See [6, Chapter V, §8].) If G = (H,N), then the following statements hold:
(1) N is nilpotent and gcd(|H|, |N|) = 1.
(2) If 2||H|, then N is abelian; if 3||H|, then Z(N) N ′ .
(3) For any Sylow subgroup P of H, P is either a cyclic group or a generalized quaternion group.
In this paper, we will freely use the following facts: (1) Let N be a nontrivial normal subgroup of
a ﬁnite group G . Then G is a Frobenius group with N as its kernel if and only if every nonprincipal
λ ∈ Irr(N) induces to an irreducible character of G . (2) Let N be a normal abelian subgroup of a ﬁnite
group G . If N ∩ G ′ = 1, then every λ ∈ Irr(N) is extendible to G .
Lemma 2.2. (See [11, Theorem 2.1].) Suppose that a solvable group G acts faithfully and irreducibly on an
elementary abelian p-group of order pr . Then G has a faithful and irreducible character χ such that χ(1)|r.
The following ﬁve lemmas are either known or easy to be veriﬁed. When we say a class, it always
means a conjugacy class; and denote by xG the class of G in which x lies. For a subset A of G , let
kG(A) denote the minimal integer l such that A is a subset of a union of l classes of G .
As we saw in [9, Lemma 1.3], the following lemma is a consequence of series results in [6].
Lemma 2.3. If there exists x ∈ G such that |CG(x)| = 4, then for any P ∈ Syl2(G), |P/P ′| = 4. Note that if P is
a 2-group with |P/P ′| = 4, then P possesses a cyclic subgroup with index 2.
Lemma 2.4. (See [10, Lemma 2.5].) Let N  G and χ ∈ Irr(G). If the restriction of χ on N is irreducible and χ
has no zero on G − N, then |χ(v)| = 1 for any v ∈ G − N.
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of N in a natural way).
(1) Suppose there is only one G-orbit of Irr(N) − {1N } with size |G : N|/2, and the others have size |G/N|. If
N is abelian, then kG(G − N) = 1+ kG(G − N).
(2) If kG(N) = s and Irr(G|N) = t, then kG(G − N) = kG(G − N) + t + 1− s.
Proof. (1) By [7, Corollary 6.34], the number of orbits in the actions of G on the irreducible characters
of N is equal to kG(N), and thus
kG(N) = 1+ 1+
|N| − 1− |G|2|N|
|G/N| .
Also, we have that |Irr(G|N)| = 2+ |N|−1−
|G|
2|N|
|G/N| . Thus kG(N) = |Irr(G|N)|, and so
kG(G − N) = kG(G) − kG(N) =
∣∣Irr(G)
∣∣− ∣∣Irr(G|N)∣∣= ∣∣Irr(G/N)∣∣= 1+ kG(G − N).
(2) kG(G − N) = kG(G) − kG(N) =
∣∣Irr(G)
∣∣− s
= ∣∣Irr(G/N)∣∣+ ∣∣Irr(G|N)∣∣− s = kG(G − N) + 1+ t − s. 
Lemma 2.6. Let N be a normal p-subgroup of G and E be a minimal normal subgroup of G with E  N. Then
E  Z(N) and m2 divides |N/E| for every m ∈ cd(N).
Furthermore, if cd(N|E) = {√|N/E|}, then p|E| |N/E|.
Proof. The ﬁrst part mainly follows from [7, Theorem 2.31]. Suppose that cd(N|E) = {√|N/E|}. Then
every χ ∈ Irr(N|E) vanishes on N − E [7, Corollary 2.30]. Let x ∈ N − E . We have
|N/E| ∣∣CN/E (xE)
∣∣=
∑
χ∈Irr(N/E)
∣∣χ(x)
∣∣2
=
∑
χ∈Irr(N)
∣∣χ(x)
∣∣2 = ∣∣CN (x)
∣∣
∣∣〈x〉E∣∣ p|E|. 
Lemma 2.7. Suppose that H ∼= C(4) acts on N ∼= ES(3,3). If H acts ﬁxed point freely on N/Z(N), then H acts
trivially on Z(N).
Proof. Suppose that H acts nontrivially on Z(N). Let H = 〈x〉 and Ω1(N) be the subgroup of N
generated by its elements of order 3. Since H/CH (Z(N))  Aut(Z(N))  C(2), we conclude that
CH (Z(N)) = 〈x2〉. As a special p-group, Ω1(N) > Z(N). Note that N/Z(N) is H-irreducible. It fol-
lows that Ω1(N) = N , and thus N has exponent 3. Set N = 〈a,b | a3 = b3 = z3 = 1, [a, z] = [b, z] =
1, z = [a,b]〉. Since H acts ﬁxed point freely and irreducibly on N/Z(N), we may assume that ax = b,
and bx = a−1zi , where i = 1,2,3. Clearly zx = z−1. Now
b−1a−1ba = z−1 = zx = (a−1)x(b−1)xaxbx = b−1z−iaba−1zi = b−1aba−1.
This implies that ab = ba, a contradiction. 
Lemma 2.8. If G is a nonabelian DD-group (we assume all DD-groups are solvable), then the following results
are true.
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(2) For any p ∈ π(G/G ′), if there is m ∈ cd1(G) such that p m or if G has no normal p-complement, then
p = 2 and |G/O 2(G)| = 2.
Proof. (1) This is obvious.
(2) Note that if G has no normal p-complement, then [7, Corollary 12.2] implies that there is
m ∈ cd1(G) such that gcd(m, p) = 1.
Now suppose that there exists m ∈ cd1(G) such that gcd(p,m) = 1 and let χ ∈ Irr(G,m). Then
χO p(G) := θ ∈ Irr(O p(G)). By [7, Corollary 6.17, Theorem 6.11], there are just |G/G ′O p(G)| distinct
irreducible constituents of θG with degree m. Therefore |G/G ′O p(G)|MulG(m) 2, thus p = 2 and
|G/O 2(G)| = 2. 
Proposition 2.9. (See [4, Theorem 2].) If a nonabelian DD-group G is nilpotent, then G is a D1-group.
Lemma 2.10. Let G be a DD-group, π = π(G/G ′), and σ = π − {2} or σ = π when 2 /∈ π . If σ is not empty
and G is not nilpotent, then G ′ is the intersection of O 2(G) and a normal σ -complement of G, and O 2(G) is a
Frobenius group with the kernel G ′ , also G has a cyclic Hall σ -subgroup.
Proof. By Lemma 2.8(2), G has a normal p-complement for any p ∈ σ . Then G has a normal σ -
complement, say L, and G/L is nilpotent. Let A = O 2(G)∩ L. We claim that O 2(G) is a Frobenius group
with the kernel A. If this is not true, then there exists an element x ∈ O 2(G) of order q (q ∈ σ ) such
that x centralizes some nontrivial element of A, and so by [7, Theorem 6.33] x ﬁxes some nonprincipal
λ ∈ Irr(A). Let B = 〈x〉L. Since gcd(|L/A|, |〈x〉A/A|) = 1, by Glauberman’s Lemma [7, Lemma 13.8] there
is some B-invariant irreducible constituent θ in λL . Now let T be the inertia group of θ in G , then
T  B > L. Note that θ is extendible to T as (|G/L|, |L|) = 1. Then [7, Theorem 6.11, Corollary 6.17]
implies that θG has |T /T ′L| distinct irreducible constituents with the same degree m := |G : T |θ(1),
and so MulG(m) |T /T ′L| 3, a contradiction. Therefore O 2(G) is a Frobenius group with the kernel
A. Since O 2(G)/A is nilpotent and of odd order, it follows by Lemma 2.1 that O 2(G)/A is cyclic, and
so G has a cyclic Hall σ -subgroup. By Proposition 2.9, G/A is a nilpotent D1-group. Observe that
if G/A is nonabelian, then G/A is of prime power order by Theorems A and B. Since G/A has a
nontrivial cyclic Hall σ -subgroup, we conclude that G/A is abelian, and thus G ′ = A = O 2(G) ∩ L. 
Proposition 2.11. If G is a nonabelian DD-group with |G/G ′| = 2, then G is one of the following D1-groups:
S3 = (C(2),C(3)); (C(2),C(5)); S4 .
Proof. Since G/G ′ is of prime order, G/G ′′ is a Frobenius group with G ′/G ′′ as its kernel. Observe that
cd1(G/G ′′) = {2} and that G/G ′′ is still a DD-group. It follows that G/G ′′ ∼= (C(2),C(3)) or (C(2),C(5)).
Now we need only to prove that if G ′′ > 1, then G = S4.
Assume ﬁrst that G ′′ is an abelian group of a prime power order qr . Set p = |G ′/G ′′| = 3 or 5.
Clearly G ′ ∼= (C(p),G ′′), G ′′ is noncyclic, and cd(G|G ′′) ⊆ {p,2p}. Note that G is not a Frobenius group
with G ′ as its kernel because G ′ is not nilpotent. There exists some G-invariant θ ∈ Irr(G ′) of degree p,
and so MulG(p) = 2. Then
2pqr = |G| = |G/G ′′| + 2p2 +MulG(2p)(2p)2 = 2p
(
1+ p + 2pMulG(2p)
)
.
Thus qr = 1+(2MulG(2p)+1)p, and so (p,qr) = (3,4), (3,16) or (5,16). In particular, G ′′ is a 2-group.
Let x be any element in G − G ′ , and χ1 ∈ Irr(G, p). Then o(x), the order of element x is a power of
2 because G/G ′′ ∼= (C(2),C(p)). Thus χ1(x) = 0 because gcd(χ1(1),o(x)) = 1 (see [7, Theorem 8.20]).
Since the restriction of χ1 on G ′ is irreducible, by Lemma 2.4(2) we have that |χ1(x)| = 1. Also every
χ2 ∈ Irr(G,2p) must vanish on G − G ′ . Therefore, for any x ∈ G − G ′ ,
∣∣CG (x)
∣∣= ∣∣CG/G ′′(xG ′′)
∣∣+
∑
χ∈Irr(G|G ′′)
∣∣χ(x)
∣∣2 = 2+
∑
χ ∈Irr(G,p)
∣∣χ1(x)
∣∣2 = 2+ 2= 4.1
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Note that G ′′ is not cyclic and that every element x ∈ G − G ′ has order at most 4 because |CG(x)| = 4.
Now if qr = 16, then there is no element of order 16 in G − G ′ or in G ′′ , a contradiction. Thus qr = 4,
and so G ∼= S4 as desired.
Since q is arbitrary, we conclude that G/G(3) ∼= S4. Now we need only to prove that G(3) = 1.
Suppose that G(3) > 1. Towards a contradiction we may assume that G(3) ∼= E(sr) is a minimal normal
subgroup of G , where s is a prime.
Suppose that s = 2. Since G ′′/G(3) has order 4 and G(3) is elementary abelian, by Lemma 2.3 we
see that G ′′ is of order 8. Let ψ ∈ Irr(G ′′) with degree 2. Since ψ is the unique nonlinear irreducible
character of G ′′ , ψ is G-invariant. Now it is easy to see that ψG has at least two irreducible con-
stituents of degree 2. This leads to a contradiction: MulG(2) = 3.
Suppose that s > 2. Then G(3) is a faithful and irreducible G/G(3)-module. Since each faithful and
irreducible character of S4 has degree 3, Lemma 2.2 implies that sr = s3t . Observe that cd(G|G(3)) ⊆
{2,4,8,3,6,12,24}. It follows that |G| = 24 + k1242 + k2122 + k362 + k482 + k542 + k622 + k732 and
so that
s3t = 1+ 24k1 + 6k2 + 9k3 + 16k4 + 4k5 + k6
6
+ 9k7
24
< min
{
53,36
}
,
where ki = 0,1,2, 1 i  7. If s 5 or t > 1, then s3t min{53,36}, a contradiction. If s = 3 and t = 1,
then k1 = 1 and 27 = 25+ 6k2 + (9k3 + 16k4 + 4k5 + k6)/6+ 9k7/24, which is also impossible. 
Lemma 2.12. Let p,q be distinct primes, n be a nonnegative integer, and r,a,b, e, f ,k be positive integers.
(1) If pr = 1+ 2n, then pr = p or pr = 9.
(2) Let a = 1 + e2n−1k and b = 1 + f 2n−1k, where e, f ∈ {1,2,3,4,5}, gcd(2,k) = 1, and 2nk > 2. If a|b
and a < b, then
(
a,b, e, f ,2nk
)= (3,9,1,4,22) or (4,16,1,5,6).
(3) Let a = 1+ e2n−3 and b = 1+ 4 f 2n−3 , where e = 1,2, f = 1,3,5 and n 3. If b = pra, then
(a,b, e, f ,n) = (9,81,2,5,5), (5,25,2,3,4), (3,9,1,1,4), or (3,21,2,5,3).
(4) Let q2  qr = 1+ f 2b p, p = 1+ e2b, where 1 f  5, e = 1,2,4. Then
(
e, f ,2b, p,qr
)= (1,4,2,3,52) or (1,4,22,5,34).
Proof. Statement (1) is well known; and the others are easy to be veriﬁed. We prove (4) for an
example.
Clearly qr − 1= f 2b p, and p,q are odd primes. We claim ﬁrst that if a is a divisor of r with a < r,
then gcd(p,qa − 1) = 1. If else, then qa − 1 = 2kp for some k  1. Set c = (qr − 1)/(qa − 1). We have
f 2b = (qr − 1)/p = 2kc  2k(qa + 1) = 2k(2kp + 2) = 4k(k + ke2b + 1). This implies that f = 5, k = 1.
Also, we see that c < q2a and so r = 2a. Then 5 · 2b = 2c = 2(qa + 1) = 2(2p + 2) = 8 + 4e2b , and so
e = 1, b = 3. This yields a contradiction p = 9.
Now suppose that r  3 is odd and set c = (qr − 1)/(q − 1). By the above claim, gcd(p,q − 1) = 1.
Thus we have c = pu2s , q− 1 = v2t , where u, v ∈ {1,3,5},uv2s+t = f 2b , s, t  0. Note that gcd(c,q−
1) = gcd(qr−1 + qr−2 + · · · + q + 1,q − 1) divides r. It follows that gcd(c,q− 1) is odd, and thus either
t or s equals to 0. Observe that t = 0 implies a contradiction: q = 1 + v is even. For the case when
s = 0, we have that q − 1 = v2t = v2b  2b , and so
5
(
1+ e · 2b)= 5p  pu2s = c  q2 + q + 1 = (q − 1)2 + 3q 22b + 3 · 2b + 3.
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(e,b) = (1,1), (2,1), (2,2), (4,1), (4,2), (4,3), (4,4).
If (e,b) = (2,2), (4,1), (4,3) or (4,4), then p = 1+ e2b cannot be a prime, a contradiction; if (e,b) =
(1,1), (2,1), (4,2), then 1+ f 2b p cannot be a prime power qr for any odd r  3, a contradiction.
Therefore r = 2m is even. We have qr − 1 = (qm − 1)(qm + 1) and gcd(p,qm − 1) = 1. Let qm + 1 =
2kp. Then f 2b = (qr −1)/p = 2k(qm −1) = 2k(2kp−2) = 4k2(1+e2b)−4k. This implies that k = e = 1,
f = 4. Observe that (qm + 1)(qm − 1) = f 2b p = 2b+2(1+ 2b), and that {qm + 1,qm − 1} = {2b+1x,2y}
where xy = 1+ 2b = p, it follows that qm − 1 = 2b+1. By qm − 1 = 2b+1 and 2b + 1 = p, we conclude
that b = 1,2, and the result follows. 
3. DD-groups satisfying Hypothesis A
Let G be a DD-group satisfying Hypothesis A. Set π = π(G/G ′). Then G = HN , where H is a
nilpotent Hall π -subgroup and N is the normal π -complement of G . Set |H| = 2nk, where n 0, k is
odd and 2nk > 2. In this section, we will keep these notation.
Lemma 3.1. If G is DD-group satisfying Hypothesis A, then the following statements hold:
(1) For any nonprincipal λ ∈ Irr(N), |IG(λ)/N| 2, where IG(λ) denotes the inertia group of λ in G.
(2) For any m ∈ cd(N), if m = 1 then MulN (m) = |N/N ′| = 1 + e2n−1k; and if m > 1 then MulN (m) =
f 2n−1k, where e, f ∈ {1,2,3,4,5}.
(3) N/N ′ ∼= E(pr) is a chief factor of G.
Proof. For any nonprincipal λ ∈ Irr(N), λ is extendible to IG(λ) since (|G/N|, |N|) = 1, and λG has no
linear constituent because N  G ′ . Applying [7, Theorem 6.11, Corollary 6.17], we conclude that the
multiplicity of each irreducible character degree of IG(λ)/N does not exceed 2. Thus |IG(λ)/IG(λ)′N|
2, and it follows that |IG(λ)/N|  2 because IG(λ)/N is nilpotent. Let m be any member of cd(N).
Clearly G acts on the set Irr(N,m) − {1N }, and each orbit of this action has size 2n−1k or 2nk, also
there are at most two orbits of size 2nk and at most one orbit of size 2n−1k. Therefore, (1) and (2)
hold.
Suppose that the statement (3) is not true. To see a contradiction we may assume N is abelian.
Let E  G be such that 1 < E < N . By (2),
|N/E| = 1+ e12n−1k, |N| = 1+ e22n−1k,
where e1, e2 ∈ {1,2,3,4,5}. By Lemma 2.12(2) and observe that gcd(|H|, |N|) = 1, we conclude that
(|H|, |N/E|, |N|, e2
)= (4,3,9,4).
Observe that e2 = 4 implies that Irr(G|N) contains just two characters of degree |H| = 4. It follows
that G = (H,N), which is impossible because |H| = 4 and |N/E| = 3. 
Proposition 3.2. Let G be a DD-group satisfying Hypothesis A. If N is abelian, then G is one of the following
groups:
(1) G = (C(pr − 1), E(pr));
(2) G = (C((pr − 1)/2), E(pr));
(3) G = (Q 8, E(32));
(4) G/Z(G) = (C(pr − 1), E(pr)), where C(2) ∼= Z(G) G ′;
(5) G/Z(G) = (Q 8, E(32)), where C(2) ∼= Z(G) G ′;
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(7) G = HN, where H is of type (3) in Theorem B and of order 25 , and N ∼= E(34).
Proof. Suppose ﬁrst that G = (H,N) is a Frobenius group. Then cd(G|N) = {2nk} and MulG(2nk) =
(|N| − 1)/|H| = 1 or 2. If H is abelian, then it is easy to see that G is of type (1) or (2). Assume
that H is nonabelian. Since H ∼= G/N is not only a DD-group but also a Frobenius complement, by
Proposition 2.9, Theorems A and B and Lemma 2.1 we obtain that H ∼= Q 8. Note that if MulG(8) = 2,
then N = C(17), which is impossible. Thus MulG(8) = 1, and so G is the group (3).
In what follows, we assume that G = (H,N).
By Lemma 3.1 and [7, Theorem 6.32], we have that
∣∣CH (x)
∣∣ 2 for every x ∈ N − {1}. (A)
Also, cd(G|N) ⊆ {2n−1k,2nk}, and n  1 by Lemma 2.10. Clearly, MulG(2nk) = 0,1,2, and
MulG(2n−1k) = 2 since G = (H,N). Now Lemma 3.1 yields that N is minimal normal and of order
|N| = pr = 1+ f 2n−1k where f = 1,3,5, n 1. (B)
Observe further that
kG(G − N) = kG/N(G/N − N/N) + 1
by Lemma 2.5(1). Thus there exists just one G/N-class, say (gN)G/N , such that kG((gN)G/N) > 1.
Also, kG((gN)G/N) = 2. Clearly, we may assume that g is a π -element and that H contains a Hall π -
subgroup of CG(g). Then CG(g) = CH (g)CN (g) and CN (g) > 1 because else would imply that (gN)G/N
is still a G-class. Let 1 = x ∈ CN (g). Then gHN = (gN)G/N = gG ∪ (gx)G . By (A), CH (x) = 〈g〉 is of
order 2, CG(x) = 〈g〉N and
CG(g)CG(x) = CH (g)CN (g)〈g〉N = CH (g)N.
Observe that
∣∣CG(gx)
∣∣= ∣∣CG(g) ∩ CG(x)
∣∣= |CG(g)||CG(x)||CG(g)CG(x)| =
2|N||CG(g)|
|CH (g)||N| = 2
∣∣CN (g)
∣∣,
and that
|G|
|CH (g)| =
∣∣gHN
∣∣= ∣∣gG ∣∣+ ∣∣(gx)G ∣∣= |G||CG(g)| +
|G|
|CG(gx)| =
|G|
|CH (g)||CN (g)| +
|G|
2|CN (g)| .
Thus
∣∣CN (g)
∣∣= 1+ ∣∣CH (g)
∣∣/2. (C)
Assume ﬁrst that CN (g) = N . Then CG(N) = 〈g〉 × N  G , 〈g〉 = Z(G), and thus Z(G)N = IG(λ) for
any nonprincipal λ ∈ Irr(N). Now it is easy to see that G/Z(G) is a Frobenius group with the kernel
NZ(G)/Z(G). Thus DD-group G/Z(G) is one of the types (1), (2), (3). We claim that Z(G) ∩ G ′ = 1.
If G/Z(G) is of type (1) or (2), then G/Z(G)N is cyclic, so G/N is abelian, and thus Z(G) ∩ G ′ = 1. If
G/Z(G) is of type (3), then G/N is a DD-groups of order 24, and the claim follows from Theorem B(2).
Observe that since Z(G) ∩ G ′ = 1, every irreducible character of Z(G) is extendible to G . It follows
by [7, Corollary 6.17] that 2MulG(m) = 2MulG/Z(G)(m) for each m ∈ cd1(G). Thus G/Z(G) is a D0-
group, and so G is of type (4) or (5) by Theorem A.
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∣∣CN (g)
∣∣= 1+ ∣∣CH (g)
∣∣/2 = 1+ 2n−1k,
which is a nontrivial divisor of |N| = 1 + f 2n−1k where f = 1,3,5. By Lemma 2.12(2) and observe
that f = 4, gcd(2nk, |N|) = 1, we conclude a contradiction.
Assume ﬁnally that CN (g) < N and g /∈ Z(H). Since H is nilpotent and of even order, by Theo-
rems A and B we conclude that H is a nonabelian DD-group of order 2n . Checking the 2-groups listed
in Theorems A and B, we get that |CH (g)| = 2n−1 or 2n−2. Therefore by (B) and (C),
1+ 4 f 2n−3 = |N| = pu∣∣CN (g)
∣∣= pu(1+ ∣∣CH (g)
∣∣/2
)= pu(1+ e2n−3),
where e = 1,2, n 3, f = 1,3,5, pu = |N/CN (g)|. This implies by Lemma 2.12(3) that
(∣∣CN (g)
∣∣, |N|, e, f ,n)= (5,25,2,3,4), (9,81,2,5,5), or (3,9,1,1,4).
For the ﬁrst case, |N| = 25, and H is of order 24, and thus G is of type (6).
For the second case, |N| = 81, |H| = 25, and thus G is of type (7).
For the last case, |CH (g)| = 2|CN (g)| − 2 = 4. Observe that |H| = 24 and thus H is the group (2)
listed in Theorem B. It follows that |CH (g)| |〈g〉Z(H)| 8, a contradiction. 
Proposition 3.3. Let G be a DD-group satisfying Hypothesis A. If N is nonabelian, then one of the following
holds:
(1) G = (A, E(52)), where A is a generalized quaternion group of order 12.
(2) G = (A, E(34)), where A/Z(A) = (C(4), E(5)), |Z(A)| = 2.
(3) G ∼= M(22m+1), the normalizer of a Sylow 2-subgroup in the simple group Sz(22m+1).
Proof. Note that G/N ′ is one of the groups listed in Proposition 3.2, and that the chief factor N/N ′
has order pr = 1+ f 2n−1k where f = 1,2,3,4,5. By Lemma 3.1, we have MulN (m) = e2n−1k for each
m ∈ cd1(N), and e ∈ {1,2,3,4,5}.
Claim 1. If N ′ is an abelian q-group for some prime q = p, then G is the group (1) or (2).
Clearly N is not nilpotent in this case, and hence Lemma 2.10 implies that H ∈ Syl2(G) is of order
2n  22.
Suppose that G/N ′ is of type (6) in Proposition 3.2. To work for a contradiction in this case, we
may assume that N ′ ∼= E(qt) is minimal normal in G . Observe that N ′ is a faithful and irreducible
G/N ′-module, and that every faithful and irreducible character of G/N ′ has degree 16. It follows
by Lemma 2.2 that |N ′| = qt  q16  316. For any member m of cd1(N), we have that m ∈ {5,52}
and MulN (m)  5 · 24−1 = 40. This implies that 52 · 316  25qt = 25 + MulN (5)52 + MulN (52)252 
25(1+ 40+ 1000), a contradiction.
Suppose that G/N ′ is of type (7) in Proposition 3.2. Using the same argument as in above para-
graph, we also conclude a contradiction.
Therefore, G/N ′ is one of the types (1), (2), (3), (4), (5) in Proposition 3.2. In particular,
pr = |N/N ′| = 1+ f 2n−1, where f = 1,2,4,
and so pr = 9 or p by Lemma 2.12. Set |N ′| = qt and Z be such that Z/N ′ = Z(G/N ′).
Suppose that N/N ′ ∼= E(32). We shall prove that this is not the case. To work for a contradiction,
we may assume that N ′ is minimal normal in G . Note that N ′ is a faithful and irreducible G/CG(N ′)-
module. Also, checking the groups listed in Proposition 3.2, we see that CG (N ′) Z , 2n = 4,8,16, and
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|N ′| = qt  q4  54. Clearly cd1(N) ⊆ {3,9}. Then
9qt = |N| =
∑
θ∈Irr(N)
θ(1)2 = 9+ e12n−132 + e22n−134,
where MulN (3) = e12n−1, MulN (9) = e22n−1 and 0  e1, e2  5. This implies a contradiction: 54 
qt = 1+ e12n−1 + 9e22n−1  1+ 5 · 23 + 9 · 5 · 23 < 54.
Therefore N/N ′ ∼= E(p), and so cd1(N) = {p}. Then
MulN(p) = e2n−1, p = 1+ f 2n−1, and
qt = |N|/|N/N ′| =
∑
θ∈Irr(N)
θ(1)2/p = (p + e2n−1p2)/p = 1+ e2n−1p,
where f = 1,2,4, e = 1,2,3,4,5, n  2. Observe that if qt = q, then G/CG (N ′) is abelian, which is
impossible. Thus t  2, and by Lemma 2.12(4) we have that
(
f , e,2n−1, p,qt
)= (1,4,2,3,52) or (1,4,22,5,34).
Observe that since f = 1 and |N/N ′| = p, G/N ′ is of type (4) in Proposition 3.2, and in particular H
is an abelian 2-group. Since e = 4, Irr(G|N ′) is a set of two irreducible characters of degree 2np. Thus
G is a Frobenius group with N ′ as its kernel, and so H is a cyclic 2-group. Now it is easy to check
that G is the group (1) or (2) corresponding to n = 2 or 3 respectively.
Claim 2. If N ′ ∼= E(pt) is minimal normal, then G is the group (3).
Set cd1(N) = {pri | 1 i  s, r1 < · · · < rs}, MulN (pri ) = ei2n−1k where ei ∈ {1,2,3,4,5}. Then
|N| = |N/N ′| +
∑
1is
ei2
n−1kp2ri .
Observe that if p = 2, then n = 0 and ei2n−1 = 1,2. Thus
(
ei2
n−1kp2ri
)
p =
(
ei2
n−1p2ri
)
p  p
2ri+1 <
(
e j2
n−1kp2r j
)
p
for any 1 i < j  s. Since |N| is a power of p, it follows that
pr = |N/N ′| = (e12n−1kp2r1
)
p . (D)
Since both N/N ′ and N ′ are chief factors of G , N ′ = Z(N). If s  2, then p2r2  |N/N ′| = pr by
Lemma 2.6, and hence p2r2+1  pr+1 = p(e12n−1kp2r1 )p  p2r1+2  p2r2 , a contradiction. Therefore,
|N| = pr + e12n−1kp2r1 . (E )
Suppose that gcd(e12n−1k, p) = 1. Then pr = p2r1 , |N ′| = |Z(N)| = |N|/pr = 1 + e12n−1k and
|Z(N)| < |N/N ′| (see Lemma 2.6) = 1+ f 2n−1k. By Lemma 2.12(2), we conclude that
(|H|, |N ′|, |N/N ′|, f )= (4,3,9,4) or (6,4,16,5).
Note that if f = 5 then G/N ′ is of type (7) in Proposition 3.2. It follows that (|H|, |N ′|, |N/N ′|, f ) =
(4,3,9,4). Therefore, G/N ′ ∼= (C(4), E(32)), H = 〈x〉 is of order 4, N = ES(3,3). By Lemma 2.7,
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has degree 3, we conclude that ψ is G-invariant, and hence ψG has four irreducible constituents of
degree 3, a contradiction. Thus
gcd
(
e12
n−1k, p
)= p, and so p = 2,3,5.
Case 2.1. Suppose that gcd(e12n−1k, p) = p = 3 or 5.
Clearly e1 = p. By (D) and (E ), we have
1+ f 2n−1k = |N/N ′| = p2r1+1, |N ′| = 1+ 2n−1k.
Assume that f > 1. Then Lemma 2.12(2) implies that either |N/N ′| = 9 = p2r1+1 or gcd(|H|,
|N/N ′|) = gcd(6,16) > 1, a contradiction.
Assume that f = 1. Then G/N ′ is of type (4) in Proposition 3.2. In particular, G/N is abelian.
Let λ be any nonprincipal irreducible character of N ′ and T (λ) be the inertia subgroup of λ in G .
Then T (λ)  N since N ′ = Z(N). Observe that T (λ)  G as G/N is abelian. Since T (λ) centralizes λ,
Z(T (λ))∩N ′ is nontrivial, and thus N ′  Z(T (λ)) because Z(T (λ))∩N ′ is normal in G . Observe further
that T (λ) ﬁxes some irreducible constituent θ of λN because gcd(|T (λ)/N|, |N|) = 1.
Suppose that T (λ)/N ′ is abelian for some nonprincipal λ ∈ Irr(N ′). Observe that θ is extendible
to N , and that all irreducible constituents of λT (λ) have equal degree because T (λ)/N ′ is abelian. Now
it is easy to check that |G : T (λ)|θ(1) = |G : T (λ)|pr1 ∈ cd(G), and that MulG(|G : T (λ)|pr1 )  p  3,
a contradiction.
Suppose that T (λ)/N ′ is nonabelian for any nonprincipal λ ∈ Irr(N ′). Since θ is extendible to T (λ)
and MulG(|G : T (λ)|θ(1))  2, |T (λ)/N|  2. As T /N ′ is nonabelian, T /N ′ is a Frobenius group with
N/N ′ as its kernel. Also since N ′  T (λ) for any nonprincipal λ ∈ Irr(N ′), we conclude that T (λ) := T is
independent of the choice of λ. Now we see that N ′ = Z(T ), and that for any nonprincipal λ ∈ Irr(N ′),
IG(λ) = T . Let P ∈ Syl2(G), and two involutions u, v ∈ P be such that 〈u〉N ′/N ′ = Z(G/N ′), 〈v〉N = T .
Let us investigate the action of 〈uv〉 on N . If uv centralizes an element x ∈ N−N ′ , then uv centralizes
some nonprincipal μ ∈ Irr(N/N ′), which is impossible because G/〈u〉N ′ is a Frobenius group. If uv
centralizes a nontrivial element of N ′ , then uv centralizes some nonprincipal λ ∈ Irr(N ′), which is
also impossible because IG(λ) = T and thus CP (λ) = 〈v〉. It follows that 〈uv〉N is a Frobenius group
with N as its kernel, and so N is abelian, a contradiction.
Case 2.2. Suppose that gcd(e12n−1k, p) = p = 2.
Then e1 = 4, |H| = k is odd and so G = (H,N) (Lemma 2.10). Observe that N is a 2-group, it
follows that G/N ′ is of type (1) in Proposition 3.2. Thus |N/N ′| = 1+|H| = 1+k. Also by (D) and (E ),
|N/N ′| = |N ′| = 1 + k = 2r = 22r1+1. Now using the same argument as in the proof of [1, p. 598], we
conclude that N ′ contains all involutions of N , H acts transitively on the set of involutions of N , and
that by Higman’s Theorem [5] N is the Suzuki 2-group and G is the normalizer of a Sylow 2-subgroup
of the simple group Sz(22r1+1). Thus G is the group (3).
To complete the proof of this proposition, it suﬃces to prove the following claim.
Claim 3. N ′ is a minimal normal subgroup of G.
Suppose that this is not true. Towards a contradiction we may assume that E is minimal normal
in G and N ′/E is a chief factor of G . Note that G/E is one of the groups listed in this proposition.
Case 3.1. Suppose that G/E is the group (1) or (2).
By the above claims, E = N ′′ . Recall that G/N = C(2n) where n = 2,3, N/N ′ = E(p), p = 1+ 2n−1,
and |N ′/E| = q2m = 52 or 34 corresponding to n = 2,3 respectively.
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θ in G . Since gcd(|T /N ′|, θ(1)o(θ)) = 1, θ is extendible to T . It follows by [7, Theorem 6.11, Corol-
lary 6.17] that there are |T /T ′N ′| distinct irreducible constituents of θG with degree |G : T |θ(1).
Investigating the group T /N ′ , we get that |T /T ′N| 3, a contradiction.
Suppose that p|m holds for any m ∈ cd1(N). Then N is a Frobenius group with the kernel N ′ ,
and so the nilpotent group N ′ is a q-group. Now for any c ∈ cd(G|E), we see that p|c, cq  qm since
E = Z(N ′), and 2n−1|c. Thus
cd(G|E) ⊆ {pqi2n−1, pqi2n ∣∣ 1 i m}
and
|G| = |G/E| +
∑
1im
(
ai
(
pqi2n−1
)2 + bi
(
pqi2n
)2)
, where ai,bi = 0,1,2.
For n = 2 or 3, since q2m divides ∑1im−1(ai(pqi2n−1)2 + bi(pqi2n)2), it is easy to conclude that
ai = bi = 0 whenever i m − 1. Therefore, |G| = |G/E| + am(pqm2n−1)2 + bm(pqm2n)2, and |Z(N ′)|
= |E| = 1+ amp2n−2 + bmp2n . By Lemma 2.6, we have
(
1+ amp2n−2 + bmp2n
) ∣∣ q2m−1, where am + bm  1.
Now checking the above relation for each of possible situations: n = 2 and n = 3, we easily conclude
a contradiction.
Case 3.2. Suppose that G/E is the group (3).
Recall that N/E is a Suzuki 2-group, N/N ′ ∼= N ′/E ∼= E(22m+1), and that G/N ∼= C(k) where k =
22m+1 − 1. Also, G = (C(k),N) by Lemma 2.10, and thus N is a 2-group. Let cd(N|E) = {2ri | 1 i  s,
r1 < · · · < rs} and MulN (2ri ) = eik, where ei = 1,2. Then
|N| = |N/E| +
∑
1is
eik2
2ri .
Note that ri  2m + 1 since E  Z(N). Now it is easy to check that s = 1, e1 = 1 and 2r1 = 4m + 2.
So, |E| = 1 + k = 22m+1. Since N/E is nonabelian, we may choose g ∈ N − N ′ such that g2 /∈ E .
Then |CN (g)|  |〈g〉E| = 22m+3. Since cd(N|E) = {22m+1}, any χ ∈ Irr(N|E) vanishes on N − E , and
thus |CN (g)| = |CN/E (gE)|. Observe that |CN/E (gE)| = 22m+2. This implies a contradiction: 22m+3 
|CN (g)| = |CN/E (gE)| = 22m+2. 
Corollary 3.4. Let G be a DD-group satisfying Hypothesis A. If G is not a D1-group, then G is one of the types
(1), (2), (3), (4), (5) listed in Theorem C.
4. DD-groups satisfying Hypothesis B
For a DD-group satisfying Hypothesis B, by Lemmas 2.8 and 2.10 and the deﬁnition of a DD-group,
we have the following Lemma 4.1. In this section, we always keep the notation in this lemma.
Lemma 4.1. If G is a DD-group satisfying Hypothesis B, then the following hold:
(1) G = KM, |M/G ′| = 2 and L := KG ′ = (K ,G ′), where K is a nontrivial cyclic Hall σ -subgroup of order
k > 1, σ = π(G/G ′) − {2}, G ′ is a nilpotent group of even order.
(2) For each m ∈ cd(G ′), MulG ′(m) = 1 + ek if m = 1, and MulG ′(m) = f k if m > 1, where e, f ∈
{1,2,3,4,5}; and for each m ∈ cd(M|M ′), MulM(m) = k or 2k.
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(1) M is a 2-group.
(2) If in addition G ′ is minimal normal, then G/Z(G) ∼= (C(2r − 1), E(2r)), where 1 + k = 2r , |Z(G)| = 2,
M is elementary abelian.
Proof. Note that since G ′ is nilpotent, (1) follows from (2).
(2) Suppose that G ′ is minimal normal. Then M is a 2-group because G ′ is of even order. Observe
that M is abelian, it follows from [6, Chapter VI, Theorem 14.7] that M = G ′ × Z(G) is elementary
abelian. Clearly Z(G) ∼= M/G ′ ∼= C(2), and G/Z(G) is a D0-group. Therefore, by Theorem A we have
that G/Z(G) ∼= (C(2r − 1), E(2r)). 
Proposition 4.3. Let G be a DD-group but not a D1-group. If G satisﬁes Hypothesis B, then G is of type (6) in
Theorem C.
Proof. Let G ′/E be a chief factor of G and Z G be such that Z/G ′′ = Z(G/G ′′). By Lemma 4.2, M is a
2-group, Z/G ′′ ∼= C(2) and L/E ∼= G/Z ∼= (C(2r −1), E(2r)). Since G/G ′′ is a D1-group, we have G ′′ > 1.
We claim that E > G ′′ . Suppose that E = G ′′ . Towards a contradiction, we may assume that G ′′ is
minimal normal. For any nonprincipal λ ∈ Irr(G ′′), since G ′′  Z(M) and L = (K ,G ′), the inertia group
of λ in G is M . Also all irreducible constituents of λM have equal degree because M/E is abelian. As
G is a DD-group, by [7, Theorem 6.11] we have that
λM = ψ1(1)ψ1 + ψ2(1)ψ2, or λM = ψ(1)ψ,
where ψ,ψ1,ψ2 ∈ Irr(M). Thus cd(G|G ′′) = {2mk}, and MulG(2mk) = 2 if 2r+1 = 22m+1, or
MulG(2mk) = 1 if 2r+1 = 22m . Thus
2r+1k|G ′′| = |G| = 2r+1k +MulG
(
2mk
)(
2mk
)2
.
This implies
|G ′′| = 1+ k = 2r = |G ′/G ′′|.
Since G ′′  Z(M) and G = LM , G ′′ is minimal normal in L.
Assume that there is an involution v ∈ G ′ −G ′′ . Then 〈v,G ′′〉 ∼= E(2r+1). Observe that all subgroups
of order 2 in L/G ′′ are conjugate. It follows that G ′ = G ′′ ∪ (⋃x∈L x〈v,G ′′〉x−1) has exponent 2. This
implies that G ′ is abelian, a contradiction.
Assume that all involutions of L lie in G ′′ . Then K acts transitively on G ′′ − {1}, the set of invo-
lutions of G ′ . By Higman’s Theorem [5], G ′ is a Suzuki 2-group, and thus L = KG ′ := M(2r) is the
normalizer of a Sylow 2-subgroup of a Suzuki simple group Sz(2r). Note that r is odd and that M(2r)
has no outer automorphism of order 2. Therefore G ∼= M(2r) × C(2). It follows that MulG(2mk) = 4,
a contradiction.
Therefore E > G ′′ as claimed.
Let us investigate the quotient group G/G ′′ . By Lemma 4.1(2), we have that
|G ′/E| = MulG ′/E(1) = 1+ ek, |G ′/G ′′| = MulG ′/G ′′(1) = 1+ f k,
where 1 e, f  5, and e < f since E > G ′ . It follows by Lemma 2.12(2) that
(|G ′/E|, |G ′/G ′′|, e, f ,k)= (4,16,1,5,3).
Now it is easy to see that |G/G ′′| = 3 · 25 and that Irr1(G/G ′′) = {χ1,χ2,χ3,χ4} where χ1(1) =
χ2(1) = 3, χ3(1) = χ4(1) = 6. So G/G ′′ is of type (6) in Theorem C with the derived length 2.
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MulG/G ′′(6) = 2 and that G ′′  Z(M). We have cd(G/F |G ′′/F ) = {12}. Then 3 · 25|G ′′/F | = |G/F | =
3 · 25 + MulG/F (12)122. This implies that Irr(G/F |G ′′/F ) = {χ5,χ6} where χ5(1) = χ6(1) = 12 and
that |G| = 3 · 27. So G/F is of type (6) in Theorem C with the derived length 3.
To complete the proof, it suﬃces to show that F = 1. Suppose that F > 1. Towards a con-
tradiction we may assume that F is minimal normal and so F  Z(M). Using the same argu-
ment as in above paragraph, we get that Irr(G|F ) = {χ7,χ8}, where χ7(1) = χ8(1) = 24 and that
|F | = |G ′′/F | = |G ′/G ′′| = 4. Note that G ′′  Z(G ′) by Lemma 2.1(2) and that cd(G|F ) = {24}, it follows
that for any θ ∈ Irr(G ′|F ), θ is of degree 4 and induces to an irreducible character of G . This implies
that both χ7 and χ8 must vanish on G − G ′′ . Now for any y ∈ G ′ − G ′′ , we have that
∣∣CG(y)
∣∣= ∣∣CG/F (yF )
∣∣, and 25 
∣∣〈y〉G ′′∣∣ ∣∣CG(y)
∣∣ because G ′′  Z(G ′). (F )
Let us investigate the quotient group G = G/G ′′ . It is easy to see that E = Z(M) = Φ(M) = M ′ .
And since M is nonabelian, by [7, Corollary 4.6] it is easy to conclude that M − G ′ cannot be a set
of involutions. Since both M/E and E/G ′′ are elementary abelian, there exists x0 ∈ M − G ′ such that
x0 has order 4. Also since G ′/G ′′ is abelian, both χ3 and χ4 vanish on G − G ′ , and thus |CG(x0)| =|CG/E(x0E)| = 8.
Let us investigate the quotient group G/F . By Lemma 2.5(2), we have
kG/F (G/F − G ′′/F ) = 1+ kG(G − G ′′).
Observe that |CM/F (x0F )| |〈x0F 〉G ′′/F | 16> 8 = |CM(x0)|. It follows that kG/F (x0G) = 2, and so
kG/F (G
′/F − G ′′/F ) = kG(G ′ − G ′′).
This implies that for any y ∈ G ′ − G ′′ ,
∣∣CG/F (yF )
∣∣= ∣∣CG(y)
∣∣.
Now for y0 ∈ G ′ − E , |CG(y0)| = |G ′/G ′′| = 24 because y0 /∈ Z(M), and then by (F ) we conclude that
25  |CG(y0)| = |CG/F (y0F )| = |CG(y)| = 24, a contradiction. 
Proof of Theorem C. If G is a DD-group but not a D1-group, then G satisﬁes Hypothesis A or Hypoth-
esis B by Propositions 2.9 and 2.11, and then Corollary 3.4 and Proposition 4.3 imply that G is one of
the types in Theorem C. 
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